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Abstract: Construction of a supersymmetric extension of the Skyrme term was a long-
standing problem because of the auxiliary field problem; that is, the auxiliary field may
propagate and cannot be eliminated, and the problem of having fourth-order time derivative
terms. In this paper, we construct for the first time a supersymmetric extension of the
Skyrme term in four spacetime dimensions, in the manifestly supersymmetric superfield
formalism that does not suffer from the auxiliary field problem. Chiral symmetry breaking
in supersymmetric theories results not only in Nambu-Goldstone (NG) bosons (pions) but
also in the same number of quasi-NG bosons so that the low-energy theory is described by
an SL(N ,C)-valued matrix field instead of SU(N) for NG bosons. The solution of auxiliary
fields is trivial on the canonical branch of the auxiliary field equation, in which case our
model results in a fourth-order derivative term that is not the Skyrme term. For the case
of SL(2,C), we find explicitly a nontrivial solution to the algebraic auxiliary field equations
that we call a non-canonical branch, which when substituted back into the Lagrangian
gives a Skyrme-like model. If we restrict to a submanifold, where quasi-NG bosons are
turned off, which is tantamount to restricting the Skyrme field to SU(2), then the fourth-
order derivative term reduces exactly to the standard Skyrme term. Our model is the first
example of a nontrivial auxiliary field solution in a multi-component model.
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1 Introduction
The Skyrme model was first introduced as a toy model describing baryons in a low-energy
mesonic field theory [1]. Later it was shown to be the low-energy limit of large-Nc QCD [2].
After this it gained popularity as a model of nuclei in the literature. It took, however, some
time before the numerical calculations (and the computing power) could tackle solutions
for higher baryon numbers. The breakthrough came with the introduction of the rational
maps as an approximation to the real Skyrmion solution [3]. These are very useful as initial
guesses for numerical calculations. For vanishing pion mass, the fullerenes adequately
described by the rational maps are believed to be the global minimizers of the Skyrmion
energy functional. Once a pion mass of the order of the physical pion mass is introduced, the
Skyrmions prefer to order themselves in a lattice of B = 4 cubes, which can be interpreted
as a crystal of alpha particles [4].
Quite a few phenomenologically appealing results have been achieved in the Skyrme
model; for recent works, see e.g. [5]. A withstanding problem of the Skyrme model, is
that the binding energies naturally come out too large (by about an order of magnitude).
For this reason, quite some work has been devoted to finding a BPS limit of the Skyrme
model. The minimal (original) Skyrme model has a BPS bound [6], that, however, can
be saturated only on the 3-sphere [7]. Recently, a different model has been suggested,
called the BPS Skyrme model [8], which has a BPS limit and many exact solutions have
been found [9]. Naively, one may think that the BPS limits of the Skyrme model above
are related to supersymmetry, as is the case for Abrikosov-Nielsen-Olesen vortices or for ’t
Hooft-Polyakov monopoles [10]. This is, however, not the case for the Skyrme model.
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There have been several attempts in the literature to construct supersymmetric exten-
sions of the Skyrme model, but all attempts failed and it turns out that this is indeed a very
difficult problem. The first attempt was made already three decades ago by Bergshoeff-
Nepomechie-Schnitzer [11]. The monkey-wrench is that the target space must be Ka¨hler
in order for a supersymmetrization to be possible [12]. S3, the target space of the Skyrme
model, is not Ka¨hler (and neither is S4). Ref. [11] chose to work around that obstacle
by gauging a U(1) subgroup of the right-acting SU(2) group. This gauging reduces the
target space to CP 1, which is the poster boy for Ka¨hler spaces. Their supersymmetrized
model has, however, a typical feature of supersymmetric higher-derivative models, namely
that it possesses a term with four time derivatives. Or in other words, the Skyrme term
is accompanied with an unwanted fourth-order time derivative term. This in turn makes
a Hamiltonian formulation impossible. Essentially the same model was obtained by Frey-
hult [13] in an attempt to supersymmetrize the Faddeev-Skyrme model for Hopfions [14].
More recently, one proposal was made in ref. [15], but it is not supersymmetric because a
non-supersymmetric constraint |φ1|2 + |φ2|2 = 1, was put by hand for the chiral superfields
φ1,2.
1
A more notorious problem called the auxiliary field problem arises when consider-
ing higher-derivative models with manifest supersymmetry. The problem is that once
derivatives act on the auxiliary field, its equation of motion becomes dynamical instead
of algebraic. This means that the auxiliary field becomes propagating and cannot simply
be eliminated. This problem is related to the above mentioned problem and in fact was
encountered in both ref. [11] and [13]. Two situations occur. If the derivatives act on the
auxiliary field F as X∂F , then the problem can be avoided by adding a total derivative of
the form −∂(XF ) giving a term −F∂X in the action and hence a −∂X in the algebraic
equation of motion for F . The second case is the troublemaker. If a term like ∂F∂F occurs,
then a simple total derivative added to the action cannot mend the problem. If the second
type of terms does not appear, then a supersymmetric theory without the auxiliary field
problem can be constructed. First examples of such constructions include refs. [17–20].
The manifestly supersymmetric term found in ref. [18] offers a manifestly supersymmetric
class of higher-derivative theories – free from the auxiliary field problem – and has been
further studied recently in refs. [21–26]. As is clear from the above discussion, one off-shell
supersymmetric Lagrangian gives two (or more) possibilities for Lagrangians in terms of
component fields. The first possibility is to set the auxiliary field to zero (F = 0), which is
possible if no superpotential is turned on; we call this the canonical branch. The other pos-
sibility is to find a nontrivial solution for F from its equation of motion, which is algebraic
because our construction avoids the auxiliary field problem. We call this the non-canonical
branch.
This non-canonical branch is in fact key to constructing a supersymmetric extension
of the Skyrme term. It was found in ref. [23] (see also refs. [24, 26, 27]) that this was the
case for the baby Skyrme model, that is a 2+1 dimensional analog of the Skyrme model.
1The model may be made supersymmetric by the introduction of a vector multiplet, which would reduce
the target space to CP 1, similarly to Bergshoeff-Nepomechie-Schnitzer’s approach, but for a sixth-order
derivative term [16]. The model is thus a CP 1-type model and the Skyrme model is not in its subspace.
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Namely, in this case, a supersymmetric baby Skyrme term free from the auxiliary field
problem and four time derivatives was constructed, although the ordinary kinetic term
cannot be included. A BPS baby Skyrmion is of a compacton type [23] and is a 1/4 BPS
state [24, 26] preserving a quarter of the original supersymmetry.
Higher derivatives usually come about in low-energy effective theories by means of
integrating out heavy states/fields. Often in the low-energy limit of a theory, some global
symmetries are broken spontaneously by the vacuum. In this case the low-energy effective
theory is described by the Nambu-Goldstone (NG) bosons of the symmetry breaking, dic-
tated by the symmetries of the vacuum. More precisely, the dynamics of the NG bosons
corresponding to a spontaneous symmetry breaking from G to H, is described by a non-
linear sigma model whose target space is given by the coset G/H [28]. A prime (and most
famous) example is chiral symmetry breaking in QCD, giving rise to the three pions.
When working with a supersymmetric theory, spontaneous symmetry breaking of
global symmetries can of course still take place. The situation is, however, modified
with respect the standard case which we just mentioned above [29]. Spontaneous sym-
metry breaking in a supersymmetric theory is tantamount to a chiral superfield acquiring
a vacuum expectation value (VEV) due to the superpotential W (F-term condition). The
superpotential is a holomorphic functional and hence the F-term condition giving rise to the
symmetry breaking is invariant under a larger group than the original group G, namely
the complexification of the group GC. Now let us assume that the symmetry breaking
again breaks G to H. As we already mentioned, the target space of the nonlinear sigma
model must be Ka¨hler [12]. If the coset space G/H is by itself Ka¨hler, then everything is
as in the non-supersymmetric case and all the NG bosons of the symmetry breaking are
genuine [30]. However it often happens that the coset space G/H is not Ka¨hler. In this
case, supersymmetry enforces additional bosons to be massless; they are called quasi-NG
bosons [29]. It comes back to the complexification of the symmetry. A quasi-NG always
comes in a pair with a genuine NG; this is because the chiral superfield is complex and
the case of the quasi-NG arises when the broken generator is Hermitian. If for instance we
consider an SU(2) subgroup, where the generators are the three Pauli matrices, an exam-
ple of quasi-NG bosons is where the generator τ3 is broken, giving 1 genuine NG boson
and 1 quasi-NG boson. If on the other hand τ1 + iτ2 is broken (which is non-Hermitian),
then we have 2 real genuine NGs. In the first case, the multiplets corresponding to broken
Hermitian generators are thus called mixed or M-type, whereas those corresponding to
non-Hermitian generators are called pure or P-type. Some conditions for the existence of
quasi-NG bosons are known. (1) In the absence of gauge symmetry there must appear at
least one M-type, and therefore one quasi-NG boson [31, 32]. (2) When the symmetry G
is broken by a VEV belonging to a real representation of G, there appear only M-type
NGs leading to the same number of quasi-NG bosons as the number of NG bosons, and
the target space is GC/HC ' T ∗(G/H) [31]. This is actually the case that we need for our
purpose. Namely, when chiral symmetry SU(N)L× SU(N)R is spontaneously broken down
to SU(N)L+R, the target space is
SL(N,C)L × SL(N,C)R
SL(N,C)L+R
' SL(N,C), (1.1)
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which is the complexification of SU(N). The most general effective Lagrangian in this case
was constructed in ref. [33] and possible higher-derivative terms were constructed on the
canonical branch [25].
In this paper, we construct a manifestly supersymmetric Lagrangian in the off-shell
superfield formalism, based on an SL(N ,C)-valued field. We find that on the canonical
branch it gives a Lagrangian with 2 and 4 derivatives. The fourth-order derivative term is
however not the Skyrme term; not even when the field is restricted to an SU(N) subman-
ifold. On the non-canonical branch the situation is different, for which we will work with
SU(2). We are able to write down a manifestly supersymmetric Skyrme-like Lagrangian
density in terms of the SL(2,C)-valued field, which however does not take the simple form
of the Skyrme term. Nevertheless, if we restrict to a submanifold where the field only
takes values in SU(2), then the fourth-order derivative term reduces exactly to the stan-
dard Skyrme term. The quasi-NG bosons therefore change the Lagrangian density (and
the target space manifold) compared with the non-supersymmetric case. But once they are
turned off, the Skyrme term remains. One peculiarity of the solution on the non-canonical
branch, however, is that when turning on a kinetic term (the Dirichlet term), the alge-
braic solution to the auxiliary field eliminates the kinetic term and leaves only a potential
behind. This is, however, a manifestly supersymmetric way to introduce a potential in
the “extreme” Skyrme model without adding a superpotential. This was also the case for
supersymmetric baby Skyrmions [21, 24, 26]. Our case is actually the first example of a
solution on the non-canonical branch in a model with multi-component chiral superfields.
Returning to the problem of four time derivatives. For both the solution on the
canonical branch and non-canonical branch, the Lagrangian possesses four time deriva-
tives. However, in the case of the non-canonical branch, when the field is restricted to the
SU(2) submanifold, then the terms with four time derivatives cancel out.
The paper is organized as follows. We set the notation and review the construction of
manifestly supersymmetric higher-derivative terms in sec. 2, both for generic fields and for
fields taking values in a coset. Then in sec. 3 we present our calculation of a supersymmetric
Skyrme term as well as the addition of the kinetic term. In sec. 4 we illustrate the possibility
of gauging a global symmetry of the model. Finally we conclude with a discussion and
outlook in sec. 5.
2 The formalism
In this section we briefly review the construction of a supersymmetric higher-derivative
term. We consider a higher-derivative Lagrangian that consists of N = 1 chiral superfields.
We basically follow the Wess-Bagger conventions [34].
2.1 General action
The component expansion of the chiral superfield in the x-basis is given by
Φi(x, θ, θ¯) = ϕi + iθσµθ¯∂µϕ
i +
1
4
θ2θ¯2ϕi + θ2F i + · · · (2.1)
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where i = 1, . . . , N labels the multiple chiral superfields and the ellipses denote terms
involving fermions. Here ϕi are complex scalar fields and Fi are auxiliary fields. The sigma
matrices are defined as σµ ≡ (12, ~τ), where ~τ = (τ1, τ2, τ3) are the Pauli matrices. The
supercovariant derivatives read
Dα =
∂
∂θα
+ i(σµ)αα˙θ¯
α˙∂µ, D¯α˙ = − ∂
∂θ¯α˙
− iθα(σµ)αα˙∂µ. (2.2)
A special combination of chiral superfields yields a higher-derivative Lagrangian density
without the auxiliary field problem, which was mentioned in the introduction and can be
written as
1
16
∫
d4θ Λikj¯l¯(Φ,Φ
†)DαΦiDαΦkD¯α˙Φ†j¯D¯α˙Φ†l¯. (2.3)
The tensor Λikj¯l¯ can be regarded as a (2,2) Ka¨hler tensor, which is symmetric in the two
holomorphic indices, i and k and it is also symmetric in the two anti-holomorphic indices
j¯ and l¯ [25]. This can be seen from the fact that DαΦ
i transforms like a vector under field
redefinitions.
The bosonic components of the term (2.3) are given by
Λikj¯l¯(ϕ, ϕ¯)
[
(∂µϕ
i∂µϕk)(∂νϕ¯
j¯∂νϕ¯l¯)− ∂µϕiF k∂µϕ¯j¯F¯ l¯ + F iF¯ j¯F kF¯ l¯
]
. (2.4)
The auxiliary field with spacetime derivatives does not appear in these terms2. Then the
supersymmetric chiral model with the higher-derivative term is given by
L =
∫
d4θ K(Φi,Φ†j¯) +
1
16
∫
d4θ Λikj¯l¯(Φ,Φ
†)DαΦiDαΦkD¯α˙Φ†j¯D¯α˙Φ†l¯
+
(∫
d2θ W (Φi) + h.c.
)
(2.5)
where K is the Ka¨hler potential and W is a superpotential. The equation of motion for
the auxiliary field is
∂2K
∂ϕi∂ϕ¯j¯
F i − 2∂µϕiF kΛikj¯l¯∂µϕ¯l¯ + 2Λikj¯l¯F iF kF¯ l¯ +
∂W¯
∂ϕ¯j¯
= 0. (2.6)
Using this equation, we can eliminate the auxiliary fields and calculate the on-shell La-
grangian. Since eq. (2.6) is an algebraic equation of cubic order, it has several solutions
and there are distinct branches of on-shell Lagrangians associated with these solutions [35].
Throughout this paper, we consider the W = 0 case for simplicity. In this case, Fi = 0 is
always a solution. For this solution, the on-shell Lagrangian reads
Lb = − ∂
2K
∂ϕi∂ϕ¯j¯
∂µϕ
i∂µϕ¯j¯ + Λikj¯l¯(∂µϕ
i∂µϕk)(∂νϕ¯
j¯∂νϕ¯l¯). (2.7)
2There are auxiliary fields with spacetime derivatives in the fermionic sector. A solution to the auxiliary
field equation that contains fermions is obtained order by order in the fermionic fields. In this paper we
concentrate on the bosonic sector for which analytic solutions to the auxiliary field equation are found.
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We call this the canonical branch. The Lagrangian contains the ordinary kinetic term
and a fourth-order derivative term. One can take the small Λ limit on the canonical
branch. Therefore the higher-derivative interactions can be perturbatively introduced to
the ordinary (second-order derivative) theory. We note that since the Ka¨hler tensor Λikj¯l¯ is
an arbitrary function of the complex scalars ϕi, it can indeed contain terms with arbitrary
orders of spacetime derivatives. An example is the scalar part of the N = 1 supersymmetric
completion of the Dirac-Born-Infeld action for a single D3-brane [36]. Other examples are
the supersymmetric Faddeev-Skyrme model [24], the effective action of supersymmetric
field theories [19, 37–39].
In general, there are more solutions than Fi = 0; we call the branch of solutions with
Fi 6= 0 the non-canonical branch. Even though the equation of motion for the auxiliary
field is algebraic, it is not so straightforward to find an analytic solution for the non-
canonical branch, since the equation is a simultaneous equation of cubic power. For single
chiral-superfield models, the analytic solutions to the equation and the on-shell Lagrangian
on the non-canonical branch has been found in ref. [24]. For the single chiral-superfield
case, the ordinary kinetic term cancels out on the non-canonical branch and the Ka¨hler
tensor Λ enters into the Lagrangian as Λ−1. Hence, one cannot take the small Λ limit in
the on-shell Lagrangian. This means that the higher-derivative interactions are introduced
non-perturbatively on the non-canonical branch.
2.2 Chiral symmetry breaking
Now we will take the above considerations and apply them to the case of a chiral symmetry
breaking of the form
G = SU(N)L × SU(N)R → H = SU(N)L+R, (2.8)
giving the corresponding coset
G/H =
SU(N)L × SU(N)R
SU(N)L+R
' SU(N), (2.9)
which is spanned by NG modes. As we mentioned in the introduction, in the supersym-
metric case, the group G is complexified and the group H is changed to the so-called
complex isotropy group, see e.g. ref. [25]. This means that the target space relevant for the
supersymmetric nonlinear sigma model describing the symmetry breaking is
GC/Hˆ ' SU(N)C = GC/HC ' SL(N,C) ' T ∗SU(N). (2.10)
The fact that Hˆ = HC here (which is not the case in general), is because the realization of
quasi-NG bosons is a so-called maximal realization or fully-doubled realization [29, 31].
We now represent the coset with the following nonlinear sigma model field
M = exp
(
iΦAtA
) ∈ GC/Hˆ, (2.11)
where the NG superfields take the form
ΦA(y, θ) = piA(y) + iσA(y) + θψA(y) + θ2FA(y), (2.12)
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where tA are the generators of GC/Hˆ, piA are (genuine) NG bosons, σA are quasi-NG
bosons, ψA are quasi-NG fermions and finally, FA are auxiliary fields.
The NG supermultiplet obeys the following nonlinear transformation law
M →M ′ = gLMgR, (gL, gR) ∈ SU(N)L × SU(N)R. (2.13)
This yields the transformations
MM † → gLMM †g†L, (2.14)
implying that the Ka¨hler potential can be constructed as a function of Tr(MM †). The
simplest example is
K0 = f
2
pi Tr(MM
†), (2.15)
leading to the free bosonic Lagrangian density
L(2)0,b = −f2pi Tr(∂µM∂µM †), (2.16)
where M in the last equation is the lowest component of the NG multiplet with the same
symbol. The Ka¨hler potential (2.15) is, however, not general; the most general Ka¨hler
potential can be written as [33]
K = f
[
Tr[MM †],Tr[(MM †)2], · · · ,Tr[(MM †)N−1]
]
, (2.17)
with an arbitrary functional of the N−1 variables. Physically, the reason why the function
can be arbitrary is due to the existence of the quasi-NG bosons [40, 41]. The isometry of
the target space is G and not its complexification GC and hence the target manifold is
not homogeneous. The shape of the manifold can be deformed along the directions of the
quasi-NG bosons, keeping the isometry G. By setting the quasi-NG bosons to zero, we
restrict to a submanifold
U = M |σA=0 ∈ SU(N), (2.18)
which in turn simplifies the kinetic term from the Ka¨hler potential to the usual chiral
Lagrangian
L(2)0,b
∣∣∣
σA=0
= −f2pi Tr(∂µU∂µU †), (2.19)
where fpi and f are related.
3 The supersymmetric Skyrme term
In this section we consider a fourth-order derivative term based on the formalism presented
in the last section.
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3.1 A fourth-order derivative term in the chiral Lagrangian
The fourth-order derivative term that we consider is of the form
L(4)0 =
1
16
∫
d4θ Λikj¯l¯(Φ,Φ
†)DαΦiDαΦkD¯α˙Φj¯†D¯α˙Φl¯†
=
1
16
∫
d4θ Λ(M,M †) Tr[DαMD¯α˙M †DαMD¯α˙M †], (3.1)
which is the simplest candidate for a fourth-order derivative term [25] and Λikj¯l¯ is a G-
covariant (2, 2) Ka¨hler tensor determined from the right-hand side of the above equation.
Λ(M,M †) is a G-invariant real scalar on the target space, given by
Λ(M,M †) = g
[
Tr[MM †],Tr[(MM †)2], · · · ,Tr[(MM †)N−1]
]
, (3.2)
with an arbitrary function g of N − 1 variables. It is also possible to consider a non-G-
invariant function for Λ(M,M †) such as Λ(M,M †) = Tr(M +M †).
The term (3.1) is of course not the most general term with four derivatives, avoiding
the auxiliary field problem, that can be written down, see e.g. ref. [25] for more general
four-derivative terms. The bosonic part of the term reads
L(4)0,b = Λ(M,M †) Tr
[
M †µMνM
µ†Mν + (F †F )2 −M †µMµF †F −MµMµ†FF †
]
, (3.3)
where we have introduced the notation Mµ ≡ ∂µM , which we will use throughout the
paper.
3.2 Canonical branch
We can now construct a theory with second-order and fourth-order derivative terms, for
instance, by adding the two terms (2.16) and (3.3)
L0 = L(2)0 + L(4)0 . (3.4)
As we do not consider adding superpotentials to the theory in this paper, the simplest
solution to F is given by putting F on the canonical branch: F = 0, giving
L0,b = −f2pi TrMµMµ† + Λ(M,M †) TrM †µMνMµ†Mν . (3.5)
Comparing the bosonic part of this theory with the Skyrme model, the fourth-order deriva-
tive term is clearly different from the Skyrme term. First of all, it is not a curvature term
(i.e. cannot be written as a curvature of a tensor) and second of all, it contains four time
derivatives and hence suffers from the Ostrogradsky instability [42]. As we mentioned
already in the introduction, this feature is typical for supersymmetric higher-derivative
theories.
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3.3 Non-canonical branch: a supersymmetric Skyrme term
As is clear from the discussion, there is also the possibility of considering the non-canonical
branch of solutions for the auxiliary fields, i.e. F 6= 0. For non-Abelian valued superfields,
no explicit solutions to the auxiliary field equation has been found so far, even for single
field models. A prototypical example of such a non-Abelian valued field is the Skyrme field.
We will explicitly construct the first solution for models with non-Abelian valued fields.
Let us start with the case in the absence of the kinetic term.
The equation of motion for the auxiliary field coming from the Lagrangian density
(3.3) reads
2FF †F − FM †µMµ −MµMµ†F = 0, (3.6)
when varied with respect to F † and
2F †FF † −M †µMµF † − F †MµMµ† = 0. (3.7)
when varied with respect to F , which is simply the complex conjugate of eq. (3.6). We
have assumed that Λ(M,M †) 6= 0, which multiplies the whole equation (the Λ(M,M †) = 0
solution is just turning off the fourth-order derivative term).
Multiplying (3.6) by F−1 from the right and (3.7) by (F †)−1 from the left gives us
2FF † − FM †µMµF−1 −MµMµ† = 0, (3.8)
2FF † − (F †)−1M †µMµF † −MµMµ† = 0. (3.9)
Subtracting (3.9) from (3.8), we get[
M †µM
µ, F †F
]
= 0. (3.10)
This means that they are diagonalizable in the same basis.
Now we do almost the same, but for F †F . Multiplying (3.6) by F−1 from the left and
(3.7) by (F †)−1 from the right gives us now
2F †F −M †µMµ − F−1MµMµ†F = 0, (3.11)
2F †F −M †µMµ − F †MµMµ†(F †)−1 = 0. (3.12)
Subtracting now (3.12) from (3.11), we get[
MµM
µ†, FF †
]
= 0. (3.13)
This means that these two matrices are also diagonalizable in the same basis.
A Hermitian matrix W can be written as
W = UDU †, (3.14)
where U is a special unitary matrix and D is a diagonal matrix composed of the real
eigenvalues of W in its diagonal.
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We will now write the auxiliary field as
F = ARB, (3.15)
where as we will see shortly, R is a diagonal matrix except for when some of the eigenvalues
are degenerate, and A is a special unitary matrix that diagonalizes FF †:
FF † = ARR†A†, (3.16)
while B is a special unitary matrix that diagonalizes F †F :
F †F = B†R†RB. (3.17)
This means that RR† and R†R are both diagonal matrices.
The eigenvalues of both FF † and F †F must be the same due to Sylvester’s determinant
theorem:
det
(
λ1− F †F
)
= det
(
λ1− FF †
)
, (3.18)
but this does not prove that R†R = RR† (that is, it does not prove that the eigenvalues
appear in the same order along the diagonal).3
Let us simplify the problem for the moment and consider N = 2, namely SL(2,C). We
know from (3.18) that the two eigenvalues of F †F are equal to the two of FF †. Both these
matrices are Hermitian and thus both eigenvalues are real (and positive semi-definite, due
to the fact that they are composed of a matrix multiplied by its Hermitian conjugate). Let
us set
R =
(
α β
γ δ
)
, α, β, γ, δ ∈ C, (3.19)
and require that RR† is diagonal. That translates to the following condition
β¯ = −γα¯
δ
, (3.20)
while the condition that R†R is diagonal translates to
β¯ = −γδ¯
α
, (3.21)
both constraints are happily satisfied with γ = β = 0 and thus R is itself a diagonal matrix.
In this case, it is obvious that RR† = R†R and the eigenvalues must be positive.
Let us now assume that β 6= 0 which means in turn that γ 6= 0. The two constraints
(3.20) and (3.21) can be solved by
R =
(
ceiη −γ¯ei(η+θ)
γ ceiθ
)
, γ ∈ C∗, c, η, θ ∈ R. (3.22)
3If both A and B are prepared as column vectors of eigenvectors, then switching the order of some of
the eigenvectors in A but not in B renders R†R 6= RR†, even though they are both diagonal matrices with
the same real eigenvalues.
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Now since detF = 1 = detAdetR detB = detR, we have
detR = c2ei(η+θ) + |γ|2ei(η+θ) = 1, (3.23)
which is solved by c =
√
1− |γ|2 and θ = −η. We now have
R =
(√
1− |γ|2eiη −γ¯
γ
√
1− |γ|2e−iη
)
, γ ∈ C∗, 0 < |γ| < 1, η ∈ R. (3.24)
Now we have
R†R = RR† = 12, (3.25)
which means that again R†R = RR† (but now they both additionally have degenerate
eigenvalues). We do not have a proof for N > 2, but let us consider N = 2 for now.
Let us now consider (3.8) and (3.9) with (3.15) which read
2RR† −RBM †µMµB†R−1 −A†MµMµ†A = 0, (3.26)
2RR† − (R†)−1BM †µMµB†R† −A†MµMµ†A = 0. (3.27)
If R is diagonal, then the above equations simplify as
RBM †µM
µB†R−1 = BM †µM
µB†, (3.28)
and
(R†)−1BM †µM
µB†R† = BM †µM
µB†. (3.29)
However, we should first consider the case that R is not a diagonal matrix, which is
the case where it takes the form (3.24).
Let us consider eq. (3.26), which now reads
212 −
(√
1− |γ|2eiη −γ¯
γ
√
1− |γ|2e−iη
)(
m1
m2
)(√
1− |γ|2e−iη γ¯
−γ √1− |γ|2eiη
)
(3.30)
−
(
m˜1
m˜2
)
=
(
∗ −γ¯√1− |γ|2(m1 −m2)eiη
−γ√1− |γ|2(m1 −m2)e−iη ∗
)
= 0.
There are now three possibilities. If m1 = m2, then BM
†
µMµB† is proportional to the unit
matrix 12 and so the simplification (3.28) holds. The two remaining options are γ = 0 and
γ = eiτ with τ ∈ R a real phase. In the first case, R is diagonal and so the simplification
(3.28) holds again. If, however, |γ| = 1 then the situation corresponds to switching the two
eigenvalues of M †µMµ but not of MµMµ†; this can be done easily by switching the order
of the eigenvectors in B, but not in A. Thus again we can use the simplification (3.28).
Using instead eq. (3.11), we can show the analogous case for m˜1 and m˜2. Therefore the
simplification (3.29) holds as well.
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Since we have proven that the simplifications (3.28) and (3.29) hold, we can now write
2RR† −BM †µMµB† −A†MµMµ†A = 0, (3.31)
2R†R−BM †µMµB† −A†MµMµ†A = 0, (3.32)
or equivalently
2FF † −ABM †µMµB†A† −MµMµ† = 0. (3.33)
2F †F −M †µMµ −B†A†MµMµ†AB = 0. (3.34)
Eqs. (3.31) and (3.32) clearly show that RR† = R†R. Eq. (3.33) shows that FF † is equal
to the average of MµM
µ† and M †µMµ rotated twice (by two consecutive special unitary
transformations). Similarly for F †F .
Inserting (3.33) and (3.34) into (3.3), we get
L(4)0,b = Λ(M,M †) Tr
[
M †µMνM
µ†Mν − 1
4
M †µM
µM †νM
ν − 1
4
MµM
µ†MνMν†
− 1
2
A†MµMµ†ABM †νM
νB†
]
. (3.35)
Note that both A†MµMµ†A and BM
†
νMνB† are diagonal matrices and that
Tr
[
A†MµMµ†ABM †νM
νB†
]
= Tr
(
m1
m2
)(
m˜1
m˜2
)
= m1m˜1 +m2m˜2. (3.36)
For SL(2,C), it is possible to write the eigenvalue equation as
0 = λ2 − λTr[A†MµMµ†A] + det[A†MµMµ†A]
= λ2 − λTr[MµMµ†] + det[MµMµ†]
= λ2 − λTr[MµMµ†] + 1
2
Tr[MµM
µ†]2 − 1
2
Tr[MµM
µ†MνMν†], (3.37)
where we have used the Cayley-Hamilton theorem, detA = 12 [(TrA)
2 − TrA2], in the last
line. We can therefore write
Tr
[
A†MµMµ†ABM †νM
νB†
]
=
1
2
(
Tr[MµM
µ†]
)2
(3.38)
±
√(
Tr[M †µMµM †νMν ]− 1
2
(Tr[MµMµ†])
2
)(
Tr[MµMµ†MνMν†]− 1
2
(Tr[MµMµ†])
2
)
.
The sign ambiguity depends on the order of the eigenvalues (i.e. holding m1 and m2 fixed
and switching m˜1 and m˜2; this can be done as already mentioned by switching the eigen-
vectors in A but not in B).
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Putting the pieces together, we can write down the Lagrangian density for the full
fourth-order derivative term as
L(4)0,b =
Λ(M,M †)
2
{
Tr
[
2M †µMνM
µ†Mν − 1
2
M †µM
µM †νM
ν − 1
2
MµM
µ†MνMν†
]
(3.39)
− 1
2
(
Tr[MµM
µ†]
)2
∓
√(
Tr[M †µMµM †νMν ]− 1
2
(Tr[MµMµ†])
2
)(
Tr[MµMµ†MνMν†]− 1
2
(Tr[MµMµ†])
2
)}
.
Let us consider the four time derivatives term, which is present in the Lagrangian
density. For convenience, we consider the form of the Lagrangian density in eq. (3.35) and
thus we have
1
2
Λ(M,M †) Tr
[
M †0M
0
(
M †0M
0 −B†A†M0M0†AB
)]
, (3.40)
which means that the term does not cancel out due to the mismatch between M †µMµ and
MµM
µ† being diagonalizable in the same basis (A is generically not equal to B†). One
would expect this term to be a small four time derivative term compared with that coming
from the canonical branch, see eq. (3.5). Nevertheless, the above term is present in the
Lagrangian and thus gives rise to the Ostrogradsky instability [42].
Now we want to show that we can reduce the Lagrangian density by restricting the
field M ∈ SL(2,C) to U ∈ SU(2), i.e. a unitary field; that is, M = U for which we now
have U †U = UU † = 12 and so
U †µU = −U †Uµ. (3.41)
This physically means that we turned off the quasi-NG bosons and consider the submanifold
spanned only by the genuine NG bosons. We first want to show that the eigenvalues of
U †µUµ are the same as those of UµUµ†. Hence, we have
det[λ12 − U †µUµ]
= det[λ12 − U †µUU †Uµ]
= det[λ12 − U †UµUµ†U ]
= det
[
U †(λ12 − UµUµ†)U
]
= detU † det[λ12 − UµUµ†] detU
= det[λ12 − UµUµ†]. (3.42)
This is a great simplification over the case with M †µMµ, which in general does not have
the same eigenvalues as MµM
µ†. Continuing, we can write the diagonal matrix
BU †µU
µB† = BU †µUU
†UµB† = BU †UµUµ†UB†, (3.43)
and thus we found a matrix that diagonalizes UµU
µ†, namely A = UB†. We can now
calculate the last term in eq. (3.35) as
Tr[A†UµUµ†ABU †νU
νB†] = Tr[U †UµUµ†UU †νU
ν ] = Tr[U †µU
µU †νU
ν ]. (3.44)
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It is straightforward to show that
Tr[UµU
µ†UνUν†]
= Tr[UµU
†UUµ†UνU †UUν†]
= Tr[UU †µU
µU †UU †νU
νU †]
= Tr[U †µU
µU †νU
ν ]. (3.45)
Using now eqs. (3.44) and (3.45), we can write the bosonic Lagrangian density (3.35) for
the restricted submanifold spanned only by NG bosons, as
L(4)0,b = Λ(U,U †) Tr
[
U †µUνU
µ†Uν − U †µUµU †νUν
]
, (3.46)
which for Λ(U,U †) = const. is exactly the Skyrme term.
We will now, for consistency, show that the same result follows from the Lagrangian
density (3.39). It follows simply by using eq. (3.45) and choosing the upper sign (which
means that the eigenvalues are not swapped), for which the last two terms of the Lagrangian
density combine to
Λ(U,U †)
2
Tr[U †µU
µU †νU
ν ], (3.47)
and the final result (3.46) again follows.
3.4 The Dirichlet term
Now we add the normal kinetic term – the Dirichlet energy – to the Lagrangian, which
reads
L = f2pi
∫
d4θ Tr[M †M ] +
1
16
∫
d4θ Λ(M,M †) Tr[D¯α˙M †DαMD¯α˙M †DαM ]. (3.48)
The corresponding bosonic Lagrangian reads
Lb = f2pi Tr[−M †µMµ + F †F ]
+ Λ(M,M †) Tr[M †µMνM
†µMν + (F †F )2 −M †µMµF †F −MµM †µFF †]. (3.49)
giving rise to the equations of motion for the auxiliary fields
f2piΛ
−1(M,M †)F + 2FF †F − FM †µMµ −MµM †µF = 0,
f2piΛ
−1(M,M †)F † + 2F †FF † −M †µMµF † − F †MµM †µ = 0. (3.50)
For a trivial solution F = 0, the Lagrangian on the canonical branch is given in eq. (3.5).
Next, we study the non-canonical branch associated with an F 6= 0 solution. As in the
case of the previous section, the equation (3.50) implies that [M †µM,F †F ] = 0. Therefore
M †µMµ and F †F are again simultaneously diagonalizable. The same is true for MµM †µ and
FF †. We can thus proceed along the same lines as the discussion in the previous section,
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even for the case where the ordinary kinetic term is turned on. The F 6= 0 solution for
GC = SL(2,C) reads
FF † =
1
2
[
ABM †µM
µB†A† +MµM †µ − f2piΛ−112
]
,
F †F =
1
2
[
B†A†MµM †µAB +M †µM
µ − f2piΛ−112
]
. (3.51)
Eliminating the auxiliary fields by using the above solutions, we find that the bosonic part
of the Lagrangian on the non-canonical branch is given by
Lb = Λ(M,M †) Tr
[
M †µMνM
†µMν − 1
4
(M †µM
µ)2 − 1
4
(MµM
†µ)2
− 1
2
A†MµM †µABM †νM
νB† − f
2
pi
4Λ(M,M †)
12
]
. (3.52)
We note that the ordinary kinetic term cancels out and only the fourth-order derivative
term remains along with a potential-like term which is proportional to Tr12; this term
is absent when TrM †M term is not included. This is an alternative way of introducing
a potential term into supersymmetric theories without the superpotential [43]. The same
structure has been found in the N = 1 case [24]. The term Tr[A†MµM †µABM
†
νMνB†]
is evaluated as in section 3 and the first four terms can again be written explicitly as in
eq. (3.39).
We now restrict the field to M = U ∈ SU(2), as was done in the previous section. The
Lagrangian then reduces to
Lb|M=U = Λ(U,U †) Tr
[
U †µUνU
†µUν − U †µUµU †νUν
]
− Tr
[
f2pi
4Λ(U,U †)
12
]
. (3.53)
When we consider a G-invariant function Λ, the second term gives just a constant, this
is, simply the Skyrme term remains. If we consider a G-variant function Λ such as Λ =
Tr(M + M †), the second term gives a potential term (but it also breaks the G-invariance
of the Skyrme term).
4 Gauging the global symmetry
Finally, in this section, we point out that we can gauge a global symmetry of the model
and write down the interactions of the gauge field. We consider the SU(N)L × SU(N)R as
a global symmetry of the Skyrme field M . We introduce the N = 1 vector multiplets VL,
VR associated with SU(N)L and SU(N)R gauge groups respectively. The vector multiplets
are introduced in the gauge covariantized supercovariant derivative which is defined by
DαM = DαM + ΓLαM +MΓRα , (4.1)
where ΓL,Rα are the superconnections given by
ΓLα = e
−2gVLDαe2gVL , ΓRα = e
2gVRDαe
−2gVR . (4.2)
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Here g is the gauge coupling constant. Then the higher-derivative interaction becomes
1
16
∫
d4θ Λ(M,M †, VL, VR) Tr
[
D¯α˙M †e2gVLDαMe−2gVRD¯α˙M †e2gVLDαMe−2gVR
]
. (4.3)
This term is invariant under the following SU(N)L × SU(N)R gauge transformations
e2gVL,R −→ e−iλ†L,Re2gVL,ReiλL,R , M −→ e−iλLMeiλR , M † −→ e−iλ†RM †eiλ†L , (4.4)
for a gauge invariant real function Λ(M,M †, VL, VR). Here λL,R are the SU(N)L×SU(N)R
chiral superfield gauge parameters. It is straightforward to show that the bosonic compo-
nent from eq. (4.3) is given by
Λ(M,M †, AL,Rµ ) Tr
[
DµM
†DνMDµM †DνM + (F †F )2 −DµM †DµMF †F
−DµMDµM †FF †
]
, (4.5)
where Dµ is the gauge covariant derivative. The term (4.5) possesses the same structure
found in the ungauged case. Therefore, we can trace the same procedure discussed in sec. 3
to find the solution of the auxiliary field F . The action for the N = 2 case is the same
as the one we found in sec. 3, with all the derivatives in the interactions replaced by the
gauge covariant derivative. We can also introduce the ordinary gauge kinetic term in the
Lagrangian which would be relevant for the gauged BPS Skyrme model [44]. The equation
of motion for the auxiliary field D in the vector multiplet remains linear. We therefore
integrate it out in a trivial way.
5 Conclusion and discussion
In this paper we have studied an N = 1 supersymmetric generalization of the Skyrme
term in four spacetime dimensions. The model is based on the off-shell formulation of
supersymmetric higher-derivative theories free from the auxiliary field problem. In order to
find the Skyrme term, we consider an SL(N ,C)-valued chiral superfield M . Compared with
the single-component case, the equation of motion for the auxiliary field, although algebraic,
takes the form of a matrix equation and hence it is not straightforward to eliminate the
auxiliary fields. We have, however, shown that the equation can be explicitly solved for
the N = 2 case, which is already a nontrivial case. When the superpotential is absent,
the trivial solution F = 0 is allowed. For this solution, the Lagrangian on the canonical
branch does not admit the Skyrme term. For the non-canonical branch, we have also found
that the on-shell Lagrangian generically depends on the double trace terms in addition to
the single trace terms. If we restrict the SL(2,C)-valued field M to M ∈ SU(2), then
the double-trace terms cancel out and leave behind only single trace terms; the resulting
Lagrangian is then nothing but the Skyrme term. The situation is essentially the same
even when we introduce the ordinary kinetic term
∫
d4θTr[M †M ]. We have found that the
ordinary kinetic term M †µMµ cancels out on the non-canonical branch just as in the single-
component case. The Lagrangian on the non-canonical branch also admits the potential
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term (if we spoil the G-invariance of the Skyrme term) which originates from the Ka¨hler
tensor Λ.
We note that it is possible to introduce a superpotential into the model. In general,
when one introduces a superpotential W , the equation of motion for the auxiliary field does
not allow F = 0 solution. For single-component models, analytic solutions to the auxiliary
field equation have been found [24]. The superpotential induces quite non-linear higher-
derivative interactions in the on-shell action. It would be interesting to find solutions for
the auxiliary field in our model with an added superpotential and study the structure of
the higher-derivative interactions induced by W . Another interesting direction would be
to study the supersymmetric completion of our model with eight supercharges.
Another important issue is to study configurations that keep fractions of supersym-
metry in our model. One of the characteristic features of the off-shell higher-derivative
supersymmetric models is its good accessibility to BPS equations. The BPS equations are
obtained by the condition that the supersymmetry transformation of the fermions vanish.
The equations are completely determined by the solution of the auxiliary field [24, 26].
Therefore, our result is quite important in the venue of finding BPS equations for Skyrme-
like models. Finding soliton solutions in our model requires further investigations. We will
come back to these issues in future studies.
The obvious generalization of our solution for the auxiliary field to N > 2 could also
be interesting. N = 3 would require some work, but is probably doable. It would be
interesting to see if a solution for arbitrary large N can be found.
Finally, it would be interesting to study a manifestly supersymmetric version of the
BPS Skyrme model, namely a model with a sixth-order derivative term.
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